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Abstract. The estimates for the second Hankel determinant 0204 — a\ of analytic function 

/(z) = z + a 2 z 2 + «3Z 3 H for which either zf'{z)/ f(z) or 1 +zf"(z)/ f'(z) is subordinate to 

certain analytic function are investigated. The estimates for the Hankel determinant for two other 
classes are also obtained. In particular, the estimates for the Hankel determinant of strongly star- 
like, parabolic starlike, lemniscate starlike functions are obtained. 



1. Introduction 



Let srf denote the class of all analytic functions 
(1.1) f(z)=z + a 2 z 2 + a 3Z 3 + --- 

defined on the open unit disk D := {z G C : \z\ < 1}. The Hankel determinants H q (n), in 
■ 1 , 2, . . . , q = 1 , 2, . . . ) of the function / are defined by 



HJn) 



(«l = l). 



%n+q— 1 ®n+q '" @n+2q—2 

Hankel determinants are useful, for example, in showing that a function of bounded characteristic 
in D, i.e., a function which is a ratio of two bounded analytic functions, with its Laurent series 
around the origin having integral coefficients, is rational 0. For the use of Hankel determinant 
in the study of meromorphic functions, see [|40ll , and various properties of these determinants can 
be found in [38, Chapter 4]. In 1966, Pommerenke [|32l investigated the Hankel determinant of 
areally mean p-valent functions, univalent functions as well as for starlike functions. In 031 . he 
proved that the Hankel determinants of univalent functions satisfy 

\H q (n) I < Kn-^2+^+1 (n = 1, 2, . . . , q = 2, 3, . . . ), 

where /3 > 1/4000 and K depends only on q. Later, Hayman lH5ll proved that \H2(n)\ < An 1 / 1 , 
(n = 1,2, ... ; A an absolute constant) for areally mean univalent functions. In rf2lU23l . the 
estimates for Hankel determinant for areally mean p-valent functions were investigated. ElHosh 
obtained bounds for Hankel determinants of univalent functions with positive Hayman index 
a J51 and of fc-fold symmetric and close-to-convex functions [flOll . For bounds on the Hankel 
determinants of close-to-convex functions, see Il24"l - l26ll . Noor studied the Hankel determinant of 
Bazilevic functions in Il27ll and of functions with bounded boundary rotation in 11281 - 13111 . In the 
recent years, several authors have investigated bounds for the Hankel determinant of functions 
belonging to various subclasses of univalent and multivalent functions ll5l ll244l^[T6l[l8l - l20ll . The 
Hankel determinant #2(1) = a 3 — a \ is me wei l known Fekete-Szego functional. For results 
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related to this functional, see lHHH. The second Hankel determinant #2(2) is given by #2(2) = 
2 

CI2CI4 — CL-i- 

An analytic function / is subordinate to an analytic function g, written f(z) -< g(z), if there 
is an analytic function w : D — > D with w(0) = satisfying /(z) = g(w(z)). Ma and Minda Ifl7l 
unified various subclasses of starlike (J?*) and convex functions ($T) by requiring that either of 
the quantity zf'(z)/f(z) or 1 + zf" (z) / f' (z) is subordinate to a function <p with positive real part 
in the unit disk D, <p(0) = I, <p'(0) > 0, <p maps D onto a region starlike with respect to 1 and 
symmetric with respect to the real axis. He obtained distortion, growth and covering estimates 
as well as bounds for the initial coefficients of the unified classes. 

The bounds for the second Hankel determinant #2(2) = a 2 a4 — a 2 are obtained for functions 
belonging to these subclasses of Ma-Minda starlike and convex functions in Section 2. In section 
3, the problem is investigated for two other related classes defined by subordination. In proving 
our results, we do not assume the univalence or starlikeness of <p as they were required only in 
obtaining the distortion, growth estimates and the convolution theorems. The classes introduced 
by subordination naturally include several well known classes of univalent functions and the 
results for some of these special classes are indicated as corollaries. 

Let 2? be the class of functions with positive real part consisting of all analytic functions 
p : D — > C satisfying p(0) = 1 and Re p(z) > 0. We need the following results about the functions 
belonging to the class 

Lemma 1.1. [8] If the function p e & is given by the series 

(1.2) p(z) = l + c lZ + C2Z 2 + c 3 z 3 + ---, 
then the following sharp estimate holds: 

(1.3) |c n |<2 (n=l,2,...). 

Lemma 1.2. IfTTTl If the function p e & is given by the series (11.21) . then 

(1.4) 2c 2 = c\+x(A-c\), 

(1.5) 4c 3 = c\ + 2(4 - c])c lX - a (4 - c\)x 2 + 2(4 - c\) (1 - |x| 2 )z, 
for some x,z with \x\ < 1 and \z\ < 1. 

2. Second Hankel determinant of Ma-Minda starlike/convex functions 

Various subclasses of starlike functions are characterized by the quantity zf'(z) / 'f(z) lying in 
some domain in the right half -plane. For example, / is strongly starlike of order /3 if zf'(z) / 'f(z) 
lies in a sector | argw| < j8tt/2 while it is starlike of order a if zf'(z)/f(z) lies in the half -plane 
Rew > a. The various subclasses of starlike functions were unified by subordination in [17]. The 
following definition of the class of Ma-Minda starlike functions is the same as the one in lH7ll 
except for the omission of starlikeness assumption of (p. 

Definition 2.1. Let 9 : D — > C be analytic and the Maclaurin series of <p is given by 

(2.1) (p(z) = l+B lZ + B 2 z 2 + B 3 z 3 + --- , (B h B 2 eR,Bi>0). 



SECOND HANKEL DETERMINANT OF CERTAIN UNIVALENT FUNCTIONS 



3 



The class J?*(<p) of Ma-Minda starlike functions with respect to <p consists of functions / 6 srf 
satisfying the subordination 

zf'(z) 



f(z) 



-< (P(z). 



For the function <p given by <p a (z) := (1 + (1 -2a)z)/(l —z) , 0< a< I, the class y*(a) :- 
a) is the well-known class of starlike functions of order oc. Let 



<Ppar{z) 



1 + - 



K 



2 l l0 § 



l + V~z 



Then the class 



y*:=y*(cp FAR )= /e^:Re 



£/(£) 



> 



z/'(z) 



is the parabolic starlike functions introduced by R0nning Il34l . For a survey of parabolic starlike 
functions and the related class of uniformly convex functions, see [3J. For < j8 < 1, the class 



l+z\P 



1 



ft 



arg 



zf'(z) 

Hz) 



< 



p7t 



is the familiar class of strongly starlike functions of order /3. The class 

zf'(z) 



S?i := y*(VT+z) = { f G si : 



f(z) 



< 1 



is the class of lemniscate starlike functions studied in Il37ll . 

Theorem 2.1. Let the function f ey*((p) be given by (flTTI) . 

(1) IfB\, E>2 and B 3 satisfy the conditions 

\B 2 \ <B h 4B 4 1 -l6B 1 \B 3 \ + 12Bl-6B 1 \B 2 \+9Bl>0, 
then the second Hankel determinant satisfies 

i 2 1 

\a2a4 — ar> \ < — -. 

4 

(2) IfB\, B2 and B 3 satisfy the conditions 

\B 2 \ >B h AB\ - 165i \B 3 1 + 1251 - 2B X \B Z \ + 5B\ < 0, 
or the conditions 

\B 2 \ <B h AB\-16Bi\B 3 \ + 12Bl-6Bi\B 2 \+9Bj<0, 
then the second Hankel determinant satisfies 

\a 2 a 4 -aj\ < -^(-4^1+ le^^^l - 12^1 + 6^! I^l +35^ 
48 
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(3) IfB\, B 2 and 5 3 satisfy the conditions 

\B 2 \ >B U 4Bt-16Bi|fi 3 | + 12^-2fii|B 2 |+5Bi > 0, 

then the second Hankel determinant satisfies 

2| 5 2 /i2B4-48Bi|B 3 |+40Bi-2fii|fi 2 |+7fi? 
\a 2 a$ -ail < -j- h ■ — ■ % ■ — ■ T - L 

PROOF. Since / e y*((p), there exists an analytic function w with w(0) = and \w(z) \ < 1 
in D such that 

(2-2) -j^- = <P(Mz)). 

Define the functions p\ by 

. . l+w(z) . 2 

1 - w(z) 

or equivalently, 

Then pi is analytic in D with /?i (0) = 1 and has positive real part in D. By using (|2.3I) together 
with (12.11). it is evident that 



Since 

(2.5) 4rr = 1 + a 2Z + (-«! + 2 «3)z 2 + (3a 4 - 3a 2 a 3 + a^)z 3 + • • • , 

it follows by (Q, (D and ([23]) that 
Bici 

«2=— , 

a 3 = -[(5f-fli+B 2 )cf + 2fiiC2], 

a 4 = [(-45 2 + 25 1 + 5^ - 35? + 35i5 2 + 25 3 )c? + 2(35 2 - 45 1 + 45 2 )cic 2 + 85ic 3 ] . 
48 

Therefore 

5 3 5i 35 2 
- J - + — -5 2 + 25 3 

Let 

Ji = 85 b d 2 = 2(B 2 -B l ) 1 
(2-6) d 3 = -6B h J 4 = -^ + «>_ jB2 + 25 3 -gi, 



2 ^i 
a 2 a4 — a 3 = — 



c l -4 + - fi 2 + 25 3 - — * +2c 2 c 2 (5 2 -Bi) + 85 lC ic 3 - 6Bi<$ 



Then 
(2.7) 
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\a2a4 — a 3 | = r|JiciC3 + d,2c\c2 +d-ic\-\-d^c\\. 



Since the function p(e' e z) (9 G R) is in the class ^ for any p G there is no loss of generality 
in assuming c\ > 0. Write c\ = c, c G [0,2]. Substituting the values of c 2 and C3 respectively 
from (fL4b and (fT3T) in d277b . it follows that 

|a2^4 _ ^3 1 = ^ |c 4 (<ii + 2^2 + ^3 +4J4) + 2xc 2 (4 — c 2 ){d\ + d 2 + ^3) 

+ (4 - c 2 )x 2 (- Jic 2 + J 3 (4 - c 2 )) + 2J lC (4 - c 2 )(l - |jc| 2 )z| . 
Replacing |x| by /i and substituting the values of d\, d 2 , J3 and d<\ from (|2.6K yield 



Ia26(4 — flo I < 



4 L 



5 



25f + 8|53|-6^)+4|5 2 |Aic 2 (4-c 



+ J u 2 (4-c 2 )(25 1 c 2 + 245i) + 165 1 c(4-c 2 )(l- i li 

„4 



(2.8) 



c 



5 2 " 

-25? + 8|5 3 | - 6^ ) + 45 lC (4 - c l ) + \B 2 \ (4 - c 2 )^ 2 



+ yM 2 (4-c 2 )(c-6)(c-2) 
= F(c }J u). 

Note that for (c,/l) G [0,2] x [0, 1], differentiating F(c,[l) in (12.81) partially with respect to \i 
yields 



(2.9) 



cTF 



T [\B 2 1 (4 - c 2 ) + flx/i (4 - c 2 ) (c - 2) (c - 6)] . 



Then for < /i < 1 and for any fixed c with < c < 2, it is clear from (12.91 ) that |^ > 0, that is, 
F(c,jU.) is an increasing function of /1. Hence for fixed c G [0, 2], the maximum of F(c,fl) occurs 
at {JL = 1, and 

maxF(c 5i u) =F(c, 1) = G(c). 



Also note that 



c 



-25? + 8|5 3 | -6^| - |5 2 | - y ) + 4c 2 (|5 2 | -5^ +245j 



Let 



(2.10) 



P=i(-25? + 8|5 3 |- 6 |-|5 2 |-|) 



2 = 4(1521-50, 
5 = 245i. 
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(2.11) 
we have 
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max (Pt 2 + Qt + R) 

0<t<4 



£<0, /><-§; 



4 ' 
Q 



16P + 4Q+R, Q>0,P>-%or()<().P> 'i 
Q>0,P<-%, 



4PR-Q 2 
4P 



( R, 



\a 2 a 4 -a 2 3 \<^{ 16P + 4Q + R, Q > 0, P > -f or Q < 0, P > - j; 
96 6 

Q>o,p<-§ 

where P,Q,R are given by (12.101) . 

Remark 2.1. When Bi=B 2 = B 3 = 2, Theorem Oreduces to [[161 Theorem 3.1]. 
Corollary 2.1. 

(1) Iff G y*(a),for0< a < 3/4, |a2«4-«f| < (1 - a) 2 . And for 3/4 < a < 1, |a2«4 
«ll < (1 - a) 2 [13 - 16(1 - 

(2) Jjf/ G J^ L *, ffcn |a 2 a 4 -af | < 1/16 = 0.0625. 



<2<0,P<-j; 



□ 



(3) /// G f/zen \a 2 a 4 -a\\ < 16/n 4 « 0.164255. 

(4) If f £ |a 2 «4 -«|| < j8 2 . 



Definition 2.2. Let 9 : D ->■ C be analytic and <p(z) is given as in (12TTT) . The class ^{(p) of 
Ma-Minda convex functions with respect to <p consists of functions / satisfying the subordination 

zf"(z) 



^<p(z). 



Theorem 2.2. Le? the function f e be given by (fTTTT) . 

(1) ^2 and B3 satisfy the conditions 

B 2 l +4\B 2 \-2B l <0, B 4 l -B 2 l \B 2 \-6B l \B 3 \+4B 2 , + 4B 2 >0, 



second Hankel determinant satisfies 



\a2a4 — Oi\ < 



36' 



(2) IfB\,B>2 and B 3 satisfy the conditions 



B 2 l +4\B 2 \-2B l > 0, 2B\-2B\\B 2 \ - \2B l \B 3 \+%B 2 2 + 4B l \B 2 \+B\ + 6B\ < 0, 
or the conditions 

B\ + 4\B 2 \-2B X <0, B\-B\\B 2 \-6B 1 \B 3 \+4B 2 2 + 4B\<0, 
then the second Hankel determinant satisfies 

\a 2 a 4 -a 2 3 \ < y^(-#i +5 2 |5 2 | + 6B1 15 3 | -AB\). 
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(3) IfB\, B 2 and B 3 satisfy the conditions 

B\ + 4\B 2 \ - 2Bi > 0, 2B\ - 2B\\B 2 \ - \2B X \B 3 \ + SB 2 2 + AB\ \B 2 \ + B\ + 6B\ > 
then the second Hankel determinant satisfies 

2| B\ (\1B\-W 2 \B 2 \ -96B i \B 3 \ + mB 2 +\2B]+AW i \B 2 \+36B 2 

|«2^4 — ^3 1 < 1 1 1 1 - 



576 V B\-B 2 \B 2 \-6B l \B 3 \+AB 2 + B\+AB l \B 2 \ + 2B 2 

PROOF. Since / 6 ^(<p), there exists an analytic function w with w(0) = and \w(z)\ < 1 in 
D such that 

(2-12) l + C^y = <P(w( Z )). 

Since 

zf"(z) 

(2.13) 1 + 4ttV = l+2a 2 z + (-4al + 6a 3 )z 2 + (Sa 3 2 -\Sa 2 a 3 + \2a 4 )z 3 + --- , 

J {z) 

equations d2!5h . (I2l2l) and (I2TT31) yield 
Bia 

a3 = 24~ ^ _jBl + 5 2)c? + 25 1C2 ] , 

° 4 = 1^2 ^~ 452 + 251 +B3l ~ 3 ^ + 351 ^ 2 + 2B ^ C * + 2 ^ 351 ~ ABi + ABl)ClCl + 85lC3 ] • 
Therefore 

a 2 a 4 — a 3 



2 B \ 



768 



4, 4 2 1,1,1 ABl\ 



2 16 
+-C2C 2 (5 2 -45! +45 2 ) + 85 lCl c 3 - -yflic^ 



By writing 



</i=8fli, J 2 = f(5 2 -45i+45 2 ), 

(2.14) J 3 = _^ Bl) rf4 = _4 fi2+ 2 fii _l B 3_l B 2 + l fllB2 + 2 g 3 _4|| ) 
T 

J — 768' 

we have 

(2.15) \a 2 a\ — a 3 \ = T\d\C\c 3 +d 2 c l c 2 J rd 3 c 2 -\-d$c l \. 

Similar as in Theorems 12.11 it follows from (11.41 ) and (11 . 3 I t that 

T 

\a 2 a$ — a 2 \ = — \c 4 (di + 2d 2 + d 3 -\-Ad4) + 2xc 2 (4 — c 2 ){d\ -\-d 2 -\-d 3 ) 

+(4 - c 2 )x 2 {-dic 2 + d 3 (A - c 2 )) + 2d iC {A - c 2 )(l - |jc| 2 )z| . 
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Replacing \x\ by /i and then substituting the values of d\, d 2 , dj, and d$ from (12.141 ) yield 



|«2«4 — # 3 | < 



4 , 4 

^-5 



^ + -#152 + 853 



16 5| 
3 5i 



+ 2juc z (4-c z ) I -£ 2 + |#2 



+ ;. : ( - : + 1 68 , < •( 4 - r~ ) ( 1 - 



(2.16) 



-flf+fli|fl 2 | + 6|fl 3 |-4-^ +45ic(4-c 2 ) + (4-c / )(5f + 4|5 2 |) 



c 



+ ^M 2 (4-c 2 )(c-4)(c-2) 



5, 



1 



= F(c,/i). 

Again, differentiating F(c, /i) in (12.161) partially with respect to \x yield 
dF 



(2.17) 



^-(4-c 2 )(5? + 4|5 2 |) + ^-A t (4-c 2 )(c-4)(c-2) 



It is clear from (12.171) that |£ > 0. Thus F(c, /i) is an increasing function of /i for < /i < 1 and 
for any fixed c with < c < 2. So the maximum of F(c, fl) occurs at /i = 1 and 

maxF(c 5i u) =F(c, 1) = G(c). 



Note that 



G(c) 



j f-B] +Bi |B 2 | + 6|B 3 | - 4^ - 5 2 - 4|5 2 | - 25 1 

4 o 9 64 
+-c 2 (B 2 l +4\B 2 \-2B 1 ) + —B l 



Let 



(2.18) 



5 2 

-B\ + B x \B 2 \ + 6|5 3 1 - 4-^ - 5 2 - 4|5 2 1 - 25! 



R= T B h 
By using (12.111) . we have 



I 2i ^ 5 1 

|fl2«4-« 3 l < ^gg 



2 = -(5 2 + 4|5 2 |-25 1 ), 
64 



e<o,/><-§ 



16P + 42 + i?, 2>0,P>-f ore^O,/ 5 ^-^; 



4PR-(f 
4P ' 



G 



<2>0,P<-| 



where P,Q,R are given in (|2.18l) . 



□ 



Remark 2.2. For the choice of <p(z) = ( 1 +z) / ( 1 — z) , Theorem l2T2lreduces to lTl6l Theorem 



3.2]. 
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Definition 3.1. Let <p : D -> C be analytic and <p(z) as given in (f2TTb . Let < y < 1 and 
T G C \ {0}. A function / 6 srf is in the class My(cp) if it satisfies the following subordination: 

i + 1 -(f'(z)+rzf(z)-i)^( P (z). 

Theorem 3.1. Let < y < 1, tgC \ {0} and the function f as in (11.11) is in the class 
8$Z{q>). Also, let 

_8 (l+y)(l+3y) 
P 9 (l+2y) 2 ' 

(1) IfBi, B 2 and B 3 satisfy the conditions 

2\B 2 \(l-p)+B 1 (l-2p)<0, \B x Bi-pBl\-pB\<Q, 
then the second Hankel determinant satisfies 

t\ 2 B 2 



2 i 1 

\a2a4 — a 3 | < 



9(1 +2y) 2 ' 

(2) IfBi, B2 and B 3 satisfy the conditions 

2\B 2 \(l-p)+B 1 (l-2p)>0, 2\B 1 B 3 -pB 2 2 \-2(l-p)B l \B 2 \-B l >0, 
or the conditions 

2\B 2 \{\-p)+B x {\-2p) <0, \B x B 3 -pB 2 2 \-B 2 > 0, 
?/zen ?/ze second Hankel determinant satisfies 

\a 2 aA — a\\ < — r- — 1535 1 —pB^\. 

124 31 - 8(l+y)(l+3y)' 1 21 

(3) IfBi, B 2 and B 3 satisfy the conditions 

2\B 2 \(1 - p )+B 1 (l-2p) > 0, 2\BiB 3 -pB\\ -2(1 -p)fii|fl 2 | -# 2 < 0, 
second Hankel determinant satisfies 

( 4p\B 3 B l -pB\\-4{\- p)B x \\B 2 \ (3 - 2p) \ 



2, M^l 

|a2«4 — 6(3 1 < 



32(l + y)(l+3y) 



-4fl£(l-p) 2 -.Bf(l-2/0' 



\B 3 B l -pB 2 \-(l-p)B l (2\B 2 \+B h 



PROOF. For / e MZ((p), there exists an analytic function w with w(0) = and |w(z)| < 1 in 
D such that 

(3-1) 1 + i(/'(z) + yz/"(z) - 1) = 9(w( z )). 

Since / has the Maclaurin series given by (11.11 ). a computation shows that 

u^^uv^'n n 1 i 2a2 (l + r) , 3a 3 (l + 2y) 2 4a 4 (l+3y) 3 
(3.2) l + -(/ (z) + yz/ m — 1) = H zH z H z H . 

T T T T 
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It follows from fBTTft . (1X41) and (Q that 
t5ici 



a 2 



a 3 



CI4 



4(1 + 7)' 
12(1+27) . 

T 



2c 2 + cfl^-l 



Therefore 



32(l+3r) 
t 2 5ici 



128(1 + 7)(1 + 37) 



[Bi (4c 3 - 4cic 2 + c\ ) + 25 2 ci (2c 2 - c\ ) +5 3 c?] 



[Bi (4c 3 - 4cic 2 + cf) + 25 2 ci (2c 2 - c\ ) + 5 3 cf ] 



2 D 2 



144(1 +27) : 

T 2 fl 2 

128(1 + 7)(1 +37) 

8 (l + y)(l+3y) 
9 (1+27)2 



4c 2 + c? 



+4c 2 c? 



#2 

5i 



-1 



(4c lC3 - 4c 2 c 2 + c\) + ^(2c 2 - c\) + 



4ci + c| I -±-1 I +4c 2 cf 



/fl 2 



which yields 



|a 2 a4 — a 3 | = r 



4ciC 3 +C! 



t o B2 
1 ~ 2 B- 1 - P 



5, 



1 + 



B2 
Si 



S3 
Si 



\pc\ 



(3.3) 
where 



-4c 2 c 2 



fl 2 



1-7T + H 7T-1 



Si 



S 2 



S, 



|t| 2 5 2 



and _8 (l + 7)(l + 3y) 
' 128(1 + 7) (1 +3y) P 9 (1+27)2 • 

It can be easily verified that p e [§y , |] for < 7 < 1 . 
Let 

d\ =4, J 2 = -4 

(3-4) 

J 3 = -4p, J 4= l-2|-p(|-l) +|. 

Then (13.31) becomes 



l-ff+pf£-l 



(3.5) 

It follows that 



\a2ci4 — a 2 | = r|Jicic 3 + J 2 c 2 c 2 + J 3 c 2 +^4Cj |. 



|a 2 a4 — a 2 1 = — |c 4 (Ji + 2d 2 + d 3 +4J4) + 2xc 2 (4 — c 2 )(d\ +J 2 + J 3 ) 



+ (4 - c 2 )x 2 (-Jic 2 + J 3 (4 - c z )) + 2Jic(4 - c z )(l - \x\ z )z\ 
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An application of triangle inequality, replacement of |x| by ji and substituting the values of d\, 



Mc 2 (4-c 2 )(l-p) 



d2, dj, and d^ from (13.41 ) yield 

T 

\a2a4 — a\\ < — 



4c 4 


S 3 b\ 


+ 8 


B 2 




B~r p Bi 


Bi 



+ (4 - c 2 ) i u 2 (4c / + 4p(4 - c z ) ) + 8c(4 - c z ) ( 1 - ^ 



(3.6) 



= T 





S3 




c 4 


Bi 


P B\ 



+ 2c(4-c 2 )+2jU 



B 2 



Bi 



c 2 (4-c 2 )(l-p) 



+ M 2 (4-c 2 )(l-p)(c-a)(c-/3) 
= F(c,/i) 

where a = 2, j8 = 2p/(l-p) > 2. 

Similarly as in the previous proofs, it can be shown that F(c,ju) is an increasing function of 
/x for < /! < 1. So for fixed c G [0,2], let 



maxF(c,/i) = F(c, 1) = G(c), 



which is 



g(c) = r <^ c 



+4c" 



B 3 B\ 



Ti~ P B\ 



2 


S 2 




Bi 



-(1-/0(2 
(l-p) + l-2/> 



S 2 



+ 1 



Let 



5 2 



S3 
Si 



(3.7) 



Using (12.1 II) . we have 



2 = 4 
R=l6p. 



2 


s 2 




Si 



(l-p) + l-2p 



B 2 



Si 



+ 1 



r s, 



<2<0,P<-§; 



|a 2 a4 — 03 1 < ^ * 



16F + 42 + P, 2>0,F> -f ore<0,P> 



4P ' 



2 > 0, P < - 



Q 



where P, Q,R are given in (13.71) . 



□ 



Remark 3.1. For the choice <p(z) := (1 +Az)/(l+flz) with -1 < 5 < A < 1. Theorem [31" 
reduces to [6, Theorem 2.1]. 
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Definition 3.2. Let <p : D — > C be analytic and <p(z) as given in (12.11) . For fixed real number 
a, function / 6 is in the class ^«(<p) if it satisfies the following subordination: 



'l-a)f\z) + a(l + Z -^j^(p(i 



Al-Amiri and Reade [1J introduced the class ^ a := ^«((1 +z)/(l — z)) and they have shown 
that 5f a C =5^ for a < 0. Univalence of the functions in the class £f a was also investigated 
in H35U36B . Singh et al. also obtained the bound for the second Hankel determinant of functions in 
Sf a . The following theorem provides a bound for the second Hankel determinant of the functions 
in the class Sf«(<P)- 

Theorem 3.2. Let the function f given by CCD be in the class ^ a ((p), < a < 1. Also, let 

_ 8 (l+2a) 
(T+a) ' 

(1) ^2 and B?, satisfy the conditions 

B 2 l a{3-2p)+2\B 2 \(l + a-p)+B l (l + a-2p) < 0, 

B\a(2a-1 -pa) + aB 2 \B 2 \(3-2p) + (a + l)Bi\B 3 \ -p(B 2 + B 2 2 ) < 0, 
?/ze second Hankel determinant satisfies 



9(l + a) 2 ' 

(2) IfB\,B 2 and 5 3 satisfy the conditions 

B 2 l a(3~2p)+2\B 2 \(l + a-p)+B l (l + a-2p) > 0, 

2B\a(2a -\-pa)+ 2aB 2 l \B 2 \(3 - 2p) -B\a(3 - 2p) 
+2(a + l)Bi \B 3 1 - 2(1 + a - p)#i |5 2 1 - ( 1 + a)5? - 2p5^ > 0, 

or 

fl?a(3-2/?)+2|fl 2 |(l + a-p)+fli(l + a-2p) < 0, 

B\a(2a -l-pa) + olB\ \B 2 \ (3 - 2p) + (a + l)Bi |5 3 | - p(B 2 v +Bj) > 0, 
second Hankel determinant satisfies 

2| flfa(2a-l-pa) + afl?|fl2|(3-2p) + (a + l)fli|fl 3 |+/>(^-.B?) 

\a 2 ak — a-A < — 77- — - — : , 

1 31 ~ 8(l + a)(l + 2a) 

(3) IfB\, B 2 and B3 satisfy the conditions 

B 2 a(3-2p)+2\B 2 \(l + a-p)+B l (l + a-2p) > 0, 

2B\a(2a -l-pa)+ 2aB\\B 2 \(3 - 2p) -B\a(3 - 2p) 
+2(a + |B 3 | - 2(1 + a - \B 2 \ - (1 + a)fif - 2^ < 0, 
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then the second Hankel determinant satisfies 



\a2a4 — a\\ < 



32(l + a)(l + 2a) 



Ap 



[B 2 a(3-2p)+2\B 2 \(l + a-p)+B l (l + a-2p)] 2 
B\a{2a- 1 -pa) + aB\ \B 2 \{3 -2p) -B\a(3 -2p) 
+ {a+l)B l \B 3 \-{l + a-p)B l {2\B 2 \ + l)- P B 2 . 



Proof. For / e & a (<p), a calculation shows that 



a 2 a 4 - a 2 \ = T 4(1 + a)B l c l c 3 + c\ \ - 3aB\ + a(2a - 1)b\ +Bi (1 + a) + 3aB { B 2 



+ (l + a)(B 3 -2B 2 )-p 



(aB 2 l -B l +B 2 ) : 
B^ 



-4pB x c\ 



(3.8) 
where 



+ 2c\c 2 [-2(1 + a)Bi +3aB 2 + 2(1 + a)B 2 - 2p(aB 2 l -B l +B 2 )] 



Bi 



and p = 



8 (l + 2a) 



128(1 + a)(l + 2a) ^ 9 (1 + a) 

It can be easily verified that for < a < 1, p e [§, 3] • Let 
(3.9) 

=4(l + a)fii, 

rf 2 = 2 [-2(1 + a)5i + 3afl 2 + 2(1 + a)fl 2 - 2p(aB 2 -B l +B 2 )] , 
J 3 = -4p5i, 

J 4 = -3aB 2 + a(2a - 1 )B\ + B x ( 1 + a) + 3aB { B 2 + (1 + a) (fl 3 - 2fl 2 ) - p (ag ''g' +S2)2 . 
Then 

(3.10) |a2«4 — af I = T\d\C\c 3 +d 2 c\c 2 + d 3 c\ + d 4 c\\. 
Similar as in earlier theorems, it follows that 

(3.11) |<32« 4 — <a|| = -\c 4 (di+2d 2 + d 3 +4d 4 )+2xc 2 (4-c 2 )(di+d 2 + d 3 ) 



+ (4 - c 2 )x 2 (-d lC 2 + d 3 (4- c 2 )) + 2d lC (4 - c 2 )(l - |*| 2 )z| 



< T 



>2i 



B\a{2a - 1 - pa) + aBi|£ 2 |(3 -2p) + (a + l)\B 3 \ -p- 2 - 

B\ 



(3.12) 



+ Aic 2 (4 - c 2 ) [B 2 l a(^-2p)+2\B 2 \(l + a-p)}+ 2c(4 - c 2 )#i (1 + a) 
+ H 2 (4-c 2 )B l (l + a-p)(c-2) {c-j^-p 
= F(c,/i), 
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and for fixed c G [0, 2], maxF(c,/i) = F(c, 1) = G(c) with 



G(c) = T 



B\a(2a - 1 - pa) + aB { \B 2 \(3 - 2p) - b\ a(3 - 2p) + (a + 1)\B 3 \ 



Let 



B 2 i 

-(l + a-p)(2|B 2 |+5i)-p-^ +4c 2 [5fa(3-2p)+2|5 2 |(l + a-p) 

#i J 



+ J Si(l + a-2p)] + 16p5i 



P = flj a(2a - 1 - pa) + aB { \B 2 \(3 - 2p) - fl?a(3 - 2/?) + (a + 1)|5 3 | 

B 2 

-{l + a-p){2\B 2 \+Bi)-p-l 

B\ 



(3.13) 



2 = 4[5fa(3-2p)+2|5 2 |(l + a- j p)+ J Bi(l + a-2p)] 
/?= 16/?Bi, 
By using (12.111) . we have 

( R, Q<0,P<-% 



\a 2 ai\ — a-, \ < T < 



16P + 4Q+R, Q>0,P> -% ovQ<0,P> -f; 



4P^-Q 2 
4P ' 



Q > 0, P < 



8 

G 



where P,Q,R are given in (|3.13l) . 



□ 



Remark 3.2. For a = 0, Theorem |12]reduces to Theorem|2]2] For < a < 1, let <p(z) := 
(1 + (1 -2a)z)/(l — z). For this function (p,B\ = B 2 = 5 3 = 2(1 - a). In this case, Theorem 
I3.2l reduces to [39, Theorem 3.1]. 
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